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ABSTRACT
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The study carried out is based on the analysis of the behavior of the angle-ply of a composite shaft,
in terms of its resistance to torsional loads and speeds of rotation. For reference, a composite shaft of
carbon fiber and an epoxy polymer matrix is optimally designed. The orientations of the laminas in
the laminate were selected to ensure their manufacture by the filaments winding method. For the
specific case of the study, it can be concluded that the pairs of laminas with angles of 45° and -45°
optimally satisfy the design parameters of the shaft. The orientations at 0 ° and 90 °, are useful when
the critical speed and torsional buckling are more restrictive.

RESUMEN
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El estudio realizado se basa en el andlisis del comportamiento de las orientaciones del laminado de
un eje compuesto, en cuanto a su resistencia ante cargas torsionales y velocidades de giro. Como
referencia se disefia Optimamente un eje compuesto de fibra de carbono y matriz polimérica epdxica.
Las orientaciones de las [aminas en el apilado se seleccionaron para garantizar su fabricacion por el
método de bobinado de filamentos. Para el caso especifico de estudio se puede concluir que los
pares de ld&minas con angulos de 45° y -45° satisfacen de forma dptima los parametros de disefio del
eje. Las orientaciones a 0° y 90°, son Utiles cuando la velocidad critica y el pandeo torsional son mas
restrictivas.

Introduction

Composite materials today have become one of the main alternatives to conventional materials [1].
Characteristics such as its high adaptability to the most demanding design requirements, and its excellent
mechanical and physical properties [2], provide engineers with versatility when developing their designs.
One of the main reasons for its massive use today lies in the ability to provide high strength and rigidity
with low weight, thus generating improvements in energy efficiency and significantly affecting a
reduction in manufacturing and operating costs [3].
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Some widely used applications of composite materials can be found in the structure of automobiles, aircraft,
and boats, in power transmission rotors, in biomedical prostheses, civil structures, and even in applications
with additional atypical characteristics, such as in the carbon fibers covered with zinc oxide (ZnO)
nanowires, which act as piezoelectric and chemoreceptive sensors, complementing the usual mechanical
and structural properties [4].

The design of functional material with excellent properties and characteristics requires considering a
significant number of variables or factors, such as, for example, the particularity of composite materials
having orthotropic mechanical properties [5], that is, they vary depending on their orientation. This variety
of factors that influence design with composite materials motivates the implementation of optimization
algorithms, which facilitate the design process and allow finding the most appropriate solution to specific
design considerations.

Optimization algorithms are a very useful tool in engineering, not only to facilitate design processes but
also as a method of detecting damage to structures [6], [7]. There are various types of optimization
algorithms, such as particle swarm algorithms and genetic algorithms, the latter implemented in this study.

Genetic algorithms are an evolutionary optimization method, which emulates the biological processes of
gene transfer between different generations in a population. The algorithm successively applies genetic
operators to a significant amount of values, until a previously established condition is met, which is the
optimal solution [8].

Materials and methods

To analyze the behavior of the orientation of the reinforcing fibers in a composite shaft, the optimal design
of a shaft is carried out using a genetic algorithm.

In solidarity with the genetic algorithm, other algorithms are executed as follows:

. The genetic algorithm is initialized

. Optimization variables and constraints are read.

. Basic calculations of geometries, inertias, forces, among others are carried out Optimization
variables and constraints are read.

. Basic calculations of geometries, inertias, efforts, among others, are carried out.

. The macroscopic analysis of each sheet, the laminate and the safety factor are performed.

. The results feed back to the genetic algorithm.

. The algorithm terminates until it satisfies termination conditions.

The way in which the algorithms used are fed back can be seen in figure 1.

With the results obtained from the optimal design, some modifications are made to the algorithms of
calculations and macroscopic analysis, to facilitate the modification of the orientations in the laminate
obtained from the optimization and to analyze the incidence of the angles of 0°, 90° y 45°/-45° on the final
properties of the composite material.
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Figure 1. Flow diagram of the optimization algorithm used
Source: self-made

Optimal design

To analyze the incidence of the orientation of the reinforcing fibers in a composite shaft, the optimal design
of a tubular shaft was carried out, according to the following considerations:

. Shaft length = 0.7 [m]

. Maximum torque =500 [N - m]

. Maximum speed = 5000 [rpm]

. Maximum diameter = 50 [mm)]

. Safety factor = 3

. There are no axial loads

. Manufacture by filament winding

The design was made with a composite material of carbon fiber and epoxy resin polymer matrix. The
properties of the material [9] are shown in table 1.

Table 1. Mechanical properties of carbon fiber and epoxy resin composite.

Elastic modules
Longitudinal E1 130 [GPa]
Transversal E2 7.6 [GPa]
Shear modulus G12 7.17 [GPa]
Coeff. by Poisson V12 0.28
Ultimate strength
Long. traction o1t 1371 [MPa]
Long. compression o1c 1317 [MPa]
Trans. traction o2t 40 [MPa]
Trans. Compression c2c 246 [MPa]
Shear 112 68 [MPa]

Source: Self-made.
Optimization algorithm

The optimal design of the shaft was carried out using a genetic algorithm, implemented from the
“Global Optimization Toolbox” complement of the MATLAB work environment. The objective
function to be minimized corresponds to the weight (W) of the shaft and is given by:

W=L-n@2-1*)p-g (1)
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Where L represents the length of the shaft, p the density of the composite material and g the gravity. The
objective function is delimited by the following variables:

. The outer (ro) an inner (ri) radius of the shaft
. The stacking combinations of the layers that make up the composite

The outer and inner radio of the shaft are closely related to the number of layers by the expression:

h,—rnn=h=t-k (2

Where h represents the total thickness of the laminate, k the number of layers and t the thickness of each
layer. The constraints of the optimization algorithm are given by a factor of safety based on a theory of
failure, the natural frequencies of bending and torsion, and the critical torque due to torsional buckling.

Considering a large number of possible stacking orientations and sequences in the shaft laminate, a
discretization of these variables is performed as suggested by Girdal, Haftka, and Nagendra in their
research [10].

To further facilitate the efficiency of the algorithm, only orientations at 0 °, 90 °, 45 °, and -45 ° are taken
into account, these last two orientations as successive pairs to guarantee their possibility of manufacture by
the filament winding method [11]. Orientation selection is made considering that the normal stresses and
ultimate shear stresses of the material are higher in these orientations.

Security factor

To ensure that the shaft is sufficiently resistant to the torsional loads applied, a safety factor equal to or
greater than 3 is established [12]. A high value in the safety factor guarantees that all the layer adequately
resist the applied stresses, this due to the variation of the admissible stresses throughout the laminate.

In the particular case of design, the maximum shear stress is given by:

T-c 3)
Tmax = —7
J

Where T represents the maximum torque, ¢ the distance of the farthest fiber (outer radius) and J the polar
moment of inertia.

Natural bending frequencies

A criterion of great importance in the design of rotors corresponds to the critical speed, that is, to the first
bending mode, which must be sufficiently far from the maximum speed of rotation of the shaft, to avoid
entering a state of resonance. To prevent the occurrence of this phenomenon, the value of the natural
bending frequency is restricted above 1.5 [13] times the maximum speed of rotation.

Natural torsional frequencies

As with the natural frequencies of bending, the maximum speed of rotation of the shaft must not coincide
and must be far enough away from the natural frequencies of torque of the shaft. To avoid the occurrence of
this resonance phenomenon, the value of the natural torsion frequencies is restricted to above 1.5 [13] times
the maximum speed of rotation.
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Torsional buckling

Thin-walled tubular geometry shafts, that is, with slender geometry, can become buckled under the
application of torsional loads. In order to avoid the collapse of the shaft during its operation, a critical
torque is established, which is restricted to values equal to or greater than the maximum torque.

The critical torque in orthotropic composite materials [14] is given by:
3

1/.h\2
T., = 2mrh - 0,272 - (ExE,*)* (—) (4)
7"1’71
Where 7, is the mean radius and h the thickness of the shaft walls. E, and E, correspond to the
longitudinal and transverse elastic moduli of the composite material.

Genetic algorithm setup
The most relevant configuration options for the genetic optimization algorithm [15] are:

. Population of 50 individuals

. 5 elite individuals

. A 0.9 crossover fraction (0.1 mutation)

. Infinite generations

. Successive generations without infinite changes

. Distance between the best solution and the average of all solutions of a generation.
. 23657 stacking combinations

Macroscopic analysis
Macroscopic analysis of a single layer

To facilitate the analysis of the composite material, it is assumed that the layer that make up the shaft are
orthotropic, homogeneous, elastic, of small thickness and that they do not present perpendicular loads.
Under these considerations, the stress-strain relationship according to Hooke's general law [9] is:

01 Qi1 Q12 0 ][€

O2|=1Q1z Q22 0 [|E ®)
T12 0 0 Qgel V12

Where ¢, and o, are the longitudinal and transverse normal stresses, t,, the shear stress in the principal

plane, €; and e, the normal longitudinal and transverse deformations, and y;, shear deformation in the
principal plane. The values Q;; represent the reduced stiffness coefficients and are given by:

E
Q11 = — (6)
1—v4,0p
vk
Q2 =T~ ™)
E
Q22 = — (8)
1— v,
Q6 = G12 (9)
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Where E;, E, are the longitudinal and transverse elastic constants, G,, the shear modulus in the main plane
and, v,, and v,; the Poisson’s ratios.

The matrix of reduced stiffness coefficients established in equation (5), is valid only for the particular
orientations of the fibers in each sheet, however, for the analysis of the composite material the global
orientations of the laminate (X, y, z) are more useful.

To determine the stress-strain relationship in the global axes of the laminate, the Reuter matrix [16] and a
transformation matrix are used, which relates the local orientations of each layer with the global
orientations of the laminate, which allows obtaining the next relationship:

Ox Q11 Q12 Qie|[&x

[03’] = [612 Q22 (_?26] [63’] (10)
Exy Q16 Q26 Qosl T

o, 0, and 74, are the longitudinal and transverse normal stresses and the shear stress in the principal plane,

in the global directions. €,, €, and yy,, are the longitudinal, transverse normal strains and the principal plane

shear strain, in the overall directions of the laminate. The elements of the transformed stiffness matrix Qij
are defined by:

Q11 = Q11 c0s* 0 + 2(Qq2 + 2Q¢¢)sin? 0 cos? 8 + Q,, sin* O (11)

Q12 = (Qq1 + Qz2 — 4Qge) sin? O cos? 6 + Qq,(sin* 6 + cos* ) (12)

Q16 = (Q11 — Q12 — 2Q46) sin B cos® 0 + (Q12 — Q22 + 2Q¢e) sin O cos O (13)
Q22 = Q11 5in* 0 + 2(Qq5 + 2Q46)sin? 6 cos? 6 + Q,, cos* 6 (14)

Q26 = (Q11 — Q12 — 2Q¢6) 5in3 B cos 6 + (Q1 — Q22 + 2Qge) sin B cos® (15)
Qs = (Q11 + Q22 — 2Q15 — 2Qeg) sin? 6 cos? 6 + Qg (sin* 6 + cos* 6) (16)

0 is the angle of orientation of the reinforcing fibers with respect to the global orientations of the laminate.
Macroscopic analysis of the laminate

As a reference for the analysis, the coordinate system for the laminate is established in figure 2. The terms
h, represent the distance of the outer face of each sheet, with respect to the median plane of the laminate.

V'S
h, 1 h
T 2 2

r --------- 3 =t r— o — o - - —t Plano medio
hs k-1 h
n_ i
o « v ’

Figure 2. Coordinates applicable to laminate
Source: self made

To determine the elastic constants of the laminate, it is necessary to establish the stiffness matrices of
extension A, coupling B, and bending D, which relate the forces and moments per unit length applied in the
principal plane, with the deformations (ez, €y, yyy) and curvatures in the median plane (x,, k,, k). The
matrices are expressed as a unique matrix [17] given by:
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Ny Ay A, A Byy Bip Big|| &

Ny A, Ay Ay Biz By Byl €y

ny — A Aze Ass Bie Bas Bes )/,?y (17)
M, Byy Biz Big D11 D1z Dig Ky

My Biz By Bys Diz Dy Dy Ky
[ My | [Bis Bas Bss Dis Dzs Dol [ Ky |

The elements of the matrix of extension A, coupling B and bending D, established in equation (17) are
given by:

k
Ajj = Z[Qij]k(hk — hy—1) (18)
n=1
1 k
Bij =5 ) Q4] (hk = hi-1) (19)
n=1
1 k
Dy =35 Y [0y, (it — ki) (20)
n=1
In the particular case of design, there is only one force per unit length corresponding to N,,, and is given by:
Nyy = Tmax - h (21)

The elements of the inverse matrix of the extension matrix A, denoted as a;;, allow the calculation of the
engineering constants of the laminate and are given by:

Bo= e 22)

E, = (23)
h-a,,

Gyy = ! (24)
h-age

by =g (25)

Tsai-Wu Failure Criterion

The Tsai-Wu failure theory is the most widely implemented criterion in orthotropic composite materials,
due to the close similarity of the theoretical results with the experimental results obtained in various
studies[18], [19].

The Tsai-Wu theory [20] states that a sheet fails if:
Hioy + Hyo, + HgTyp + Hy 02 + Hyp02 + HegT2, + 2H 5000, < 1 (26)

The components H de Tsai-Wu theory are related to the ultimate longitudinal tensile stresses of, and
transversala’,,, and ultimate longitudinal compression stresses of,, and transversal o5, of the material, and
are given by:
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1 1
Hy=——— 27)
01y O1u
1 1
Hy =——— (28)
Oy  O1u
1
Hll - _t c (30)
01,011
1
H,, (31)
1
Hi; =—5 (32)

t c t c
2 O-luo-luO-Zuo-Zu
Results and Discussion

Optimization algorithms are prone to be trapped in local minima [21], that is, providing an optimal solution
for a subregion of the limits of the objective function, but not for the optimal solution of the entire domain
of possible solutions. To avoid this particularity, the optimization algorithm is executed several times,
obtaining a single solution, which allows inferring that the solution is optimal for the entire domain of
possible solutions. The results obtained in an intermediate step of the optimization process and the final
results of the optimization algorithm are shown in table 2 and table 3 respectively.

Table 2. Results obtained in an intermediate step of the execution of the optimization algorithm.

Results of the optimization algorithm
Inner radius 18.2436 [mm]
Outer radius 20.7436 [mm]
Thickness 2.5 [mm]
No. of layers 10
Orientations [45,-45,90,-45,45,45,-45,90,-45,45]
Weight 3.07311 [N]
Mass 0.313263 [kg]
Fact. of sec. Tsai-Wu 3.0155
Freg. natural bending 10111.5 [RPM]
Freq. natural torsion 59950.9 [RPM]
Fact. sec critical torque 1.18343

Source: Self-made
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Table 3. Final results obtained from the execution of the optimization algorithm.

Results of the optimization algorithm

Inner radius

18.5454 [mm]

Outer radius

20.5454 [mm]

Thickness

2 [mm]

No. of layers

8

Orientations

[45,-45,45,-45,-45, 45 -45 45]

Weight

2.46501 [N]

Mass

0.251276 [kg]

Fact. of sec. Tsai-Wu

2.999

Freq. natural bending

9552.69 [RPM]

Freq. natural torsion

65302.3 [RPM]

Fact. sec critical torque

2.0409

Source: Self-made

The behavior of the optimization algorithm for the first two executions can be seen in Figures 3 and 4. The
figures compare the objective function evaluated for its minimum value (black points) and its average value
(green points) on the y axis, with the generations in which the genetic operators were applied on the x-axis.

Best: 2.46501 Mean: 2.48644

8 -
- Best penalty value
. Mean penalty value
7F
e
o

6 I3 N
" .
=2
g 4
Z5F, . =
o] - 5
=~
&
o Wit .

4+ ‘-.' %

- e
3 -
2 | | .
0 50 100 150 200
Generation

Figure 3. Evaluation of the objective function (best value and average) for execution 1. Source: own elaboration.

In the figures, it can be seen that the algorithm actually went through local minima (stepped jumps in the
black points), however, it managed to converge in a unique solution for the two executions, whose value
corresponding to the weight (objective function) is 2.4650 [N].
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Figure 4. Evaluation of the objective function (best value and average) for execution 2. Source: own elaboration.

When all the fibers are oriented in the same direction and assuming the same geometric configuration
obtained from the optimal shaft design, the following results are obtained:

Table 4. Results obtained from the variation of the orientation of the fibers in a single direction (proportion of 100%).

Orientations Properties
0° | 90° | 45° | -45° | FS | far | far | Tr
100% 0 0 0 0,623 22291 |30216| 661
0 100% 0 0 0,623 | 5390 [30216| 2732
0 0 100% 0 2,11 | 7464 (29780| 623
0 0 0 100% | 0,362 | 7464 |29780| 623

Source: self-made

When setting the laminate in a balanced way, that is, with the orientations of 0 °, 90 °, 45 °, and -45 ° in the
same proportions and symmetrically, the following results are obtained:

Table 5. Balanced and symmetrical lamination results.
Orientations Properties
0° 90° | 45° | -45° | FS fnf fut T,
25% | 25% | 25% | 25% | 1,766 | 14067 | 50879 | 2213

Source: self-made

It is important to highlight that the results in table 5 correspond to 4 different stacking combinations that
yielded the same results. The stacking combinations analyzed were:

[90, O, 45, -45, -45, 45, 0, 90]
[0, 45, -45, 90, 90, -45, 45, 0]
[45, -45, 90, 0, 0, 90, -45, 45]
[-45, 90, 0, 45, 45, 0, 90, -45]

With the results, it can be inferred that, in symmetric and balanced laminates, the properties of the material
do not depend on the stacking sequence, but only on the proportion of the orientations.

By maintaining the same proportion of orientations, but this time with a non-symmetric stacking sequence,
such as [0, -45, 90, 45, -45, 0, 45, 90] we obtain the following results:
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Table 6. Balanced and non-symmetrical rolling results.

Orientations Properties
0° | 90° | 45° | -45° | FS | far | fue | Tor
25% | 25% | 25% | 25% | 1,363 | 14067 | 50879 | 2213

Source: self-made

This new configuration maintains the critical torque and the natural frequencies of bending and torsion
equal to those obtained in table 5, but the safety factor changes significantly.

Conclusions

«  From the results obtained in the development of this analysis, it can be concluded that both the
orientations and the stacking sequence in laminated composite materials play a role of great
importance and are conditioned by design restrictions.

« The longitudinal orientations (0 °) concerning the global coordinates in the laminate, increase
the stiffness and consequently increase the natural frequencies of bending.

« The transversal orientations (90 °) concerning the global coordinates in the laminate prevent a
slender axis, that is, with tubular geometry of small thickness concerning its diameter, from
collapsing due to the phenomenon of torsional buckling.

» Orientations at 45 ° and -45 ° provide the best response to torsional loads, however, it is
important to consider the orientation in which the fibers are arranged to ensure maximum
strength. As can be seen in the safety factor in table 4, the direction of the angle plays an
important role. That is, orienting the fibers in the same direction of application of the load,
provides the greatest resistance, on the other hand, orienting them in the opposite direction,
notably affects a lower resistance.

« Combining various orientations in the laminate of composite material provides the material
resistance to various load and operating conditions.

» The stacking sequence in non-symmetrical laminates has a direct impact on the safety factor
and consequently on the loads that can be applied to the composite material.
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